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ON POINCARE´ - TRESHCHEV TORI IN HAMILTONIAN
SYSTEMS
YONG LI AND YINGFEI YI
Abstract. We study the persistence of Poincare´ - Treshchev tori on a reso-
nant surface of a nearly integrable Hamiltonian system in which the unper-
turbed Hamiltonian needs not satisfy the Kolmogorov non-degenerate condi-
tion. The persistence of the majority of invariant tori associated to g-non-
degenerate relative equilibria on the resonant surface will be shown under a
Ru¨ssmann like condition.
1. Introduction
Consider a nearly integrable Hamiltonian system
(1.1) H(x, y) = N(y) + εP (x, y, ε),
where x ∈ T d, y ∈ G ⊂ Rd, N and P are real analytic functions defined on a
complex neighborhood of a bounded, closed, connected region G and T d × G ×
[−1, 1], respectively, and ε is a small parameter. Corresponding to the standard
symplectic structure on T d ×G, the unperturbed motion associated to (1.1) reads{
x˙ = ω(y),
y˙ = 0,
where ω(y) = ∂N
∂y
(y). Hence the phase space T d ×G is foliated into unperturbed,
invariant d-tori {Ty = T d × {y}} with the toral frequencies {ω(y)}.
On one hand, with the Kolmogorov non-degenerate condition:
K)
∂2N
∂y2
(y) =
∂ω
∂y
(y) is non-singular on G,
the celebrated KAM theorem [1, 8, 12] asserts the persistence of the majority of
unperturbed, non-resonant d-tori in the sense that there is a family of Cantor-like
sets Gε of almost full Lebesgue measure (i.e., |G\Gε| → 0) such that for any y ∈ Gε,
Ty is non-resonant and persistent under small perturbations. The KAM theorem
is recently shown to be true even under the Ru¨ssmann non-degenerate condition:
R) rank{∂αω(y) : ∀|α| ≤ d− 1} ≡ d, on G
(see [16, 17, 20] for details). On the other hand, it is well known that the un-
perturbed, resonant d-tori tend to be destroyed via arbitrary generic perturbations
and give rise to a resonance zone containing both stochastic trajectories and regular
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orbits. To characterize regular orbits in the resonance zone, two important prob-
lems arise: 1) Whether the majority of resonant tori associated to a given resonant
type will be ‘completely’ destroyed via generic perturbations; 2) If not, then under
what mechanisms can certain fractions of the resonant tori survive under generic
perturbations.
To formulate the problems more precisely, we let g be a rank m (0 < m < d)
subgroup of Zd. Then the set
O(g,G) = {y ∈ G : 〈k, ω(y)〉 = 0, k ∈ g},
referred to as the g-resonant surface with multiplicity m, characterizes a unique
class of resonant tori {Ty : y ∈ O(g,G)} associated to the resonance type deter-
mined by g. It is clear that if the Kolmogorov non-degenerate condition K) holds,
then O(g,G) is a n = d − m dimensional, real analytic sub-manifold of G (with
boundary). The group g also determines a splitting of the resonant tori in the class
as follows. Let {τ1, τ2, · · · , τm} and {τ ′1, τ ′2, · · · , τ ′n} be bases of g and the quotient
group Zd/g, respectively, such that
K0 = (K1,K2)
is unimodular, i.e., detK0 = 1, where
K1 = (τ
′
1, τ
′
2, · · · , τ ′n), K2 = (τ1, τ2, · · · , τm).
Then the toral automorphismK0 defines a new coordinate
(
ψ
ϕ
)
= K>0 x on T
d, where
ψ = K>1 x ∈ Tn, ϕ = K>2 x ∈ Tm, under which the g-resonant surface becomes
O(g,G) = {y ∈ G : K>2 ω(y) = 0},
and moreover, for each y ∈ O(g,G), the resonant torus Ty is foliated into invariant
n-tori
Ty(ϕ) = T
n × {ϕ} × {y}, ϕ ∈ Tm
corresponding to relative equilibria (ϕ, y) of the reduced system, each carries parallel
flow with the toral frequency K>1 ω(y).
With respect to the given resonance type determined by the group g, the above
problems become finding mechanisms under which the majority of the resonant
tori on O(g,G) will not be completely destroyed via generic perturbations in the
sense that certain classes of n dimensional sub-tori {Ty(ϕ)} of Ty for the majority
of y ∈ O(g,G) will persist under generic perturbations.
One such mechanism was proposed in a classical work of Poincare´ ([13]) as fol-
lows. Define
h(ϕ, y) =
∫
Tn
P¯ (ψ, ϕ, y)dψ,
where,
P¯ (ψ, ϕ, y) = P ((K>0 )
−1
(
ψ
ϕ
)
, y, 0).
Then for a fixed y ∈ O(g,G), h(·, y) is a real analytic function on the m-torus, hence
admits at least m+1 critical points and generically at least 2m critical points which
are all non-degenerate. An n-torus {Ty(ϕ)} is said to be Poincare´ non-degenerate if
ϕ is a non-degenerate critical point of h(·, y). For a given resonant surface O(g,G)
as above, we note that the Poincare´ non-degeneracy is independent of coordinate
(ψ, ϕ) on Tn and it is also a generic condition in the sense that for a fixed r > 0
there is a residual subset P of the set of real analytic functions on the complex
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r-neighborhood of T d×G with the sup-norm such that for each perturbation p ∈ P
h(·, y) : Tm → R1 is a Morse function (i.e., all its critical points are non-degenerate).
In [13], Poincare´ considered the maximal resonance case, i.e., m = d − 1. With
respect to the terminology above, Poincare´’s theorem simply says that if rank g =
d− 1 then all unperturbed Poincare´ non-degenerate 1-tori of (1.1) on O(g,G) will
persist if ε is sufficiently small.
A breakthrough along the direction of Poincare´’s theorem was made by Treshchev
in [19] who considered the general multiplicity m = d − n of a resonant surface
O(g,G) and showed the persistence of all Diophantine, Poincare´ non-degenerate,
hyperbolic n-tori on O(g,G). More precisely, Treshchev’s theorem states the follow-
ing: Assume that the unperturbed Hamiltonian of (1.1) satisfies the Kolmogorov
non-degenerate condition K). If a Poincare´ non-degenerate n-torus {Ty0(ϕ0)} on
O(g,G) is Diophantine (i.e., its toral frequency K>1 ω(y0) is Diophantine), and hy-
perbolic in the sense that
T) no eigenvalue of
∂2h
∂ϕ2
(ϕ0, y0)K
>
2
∂2N
∂y2
(y0)K2 is positive or zero,
then it persists under sufficiently small ε with unchanged toral frequency. We note
that the condition T) implies the so-called g-non-resonant condition that
G) K>2
∂2N
∂y2
(y0)K2 is non-singular.
Similar persistence results for the multiplicity one resonant case (i.e., m = 1)
were later obtained in the works of Eliasson ([7]), Cheng ([3]), Chierchia and
Gallavotti ([4]), Rudnev and Wiggins ([15]). As h(·, y) is a function on the 1-
tours in these cases, the persisted d − 1-tori or their associated critical points of
h(·, y) are either elliptic or hyperbolic.
The case of general multiplicity and general toral types were recently studied by
Cong et al ([6]) and the authors ([10]). The result in [6] implies that if both the
Kolmogorov non-degenerate condition K) and the g-non-resonant condition G) hold
on O(g,G), then there exists a family of Cantor-like sets Oε(g,G) ⊂ O(g,G) with
|O(g,G)\Oε(g,G)| → 0 such that for any y ∈ Oε(g,G) all Poincare´ non-degenerate
n-tori Ty(ϕ) will persist as ε sufficiently small. The same result was shown in [10]
by the authors under the Kolmogorov non-degenerate condition K) only.
In this paper, we shall still consider the case of general multiplicity of the reso-
nant surface with respect to general toral types, however, allowing more degenerate
unperturbed Hamiltonian. More precisely, we first assume the g-non-resonant con-
dition on O(g,G), i.e.,
G1) K>2
∂2N
∂y2
(y)K2 is non-singular on O(g,G).
Under this condition, the map K>2 ω : G→ Rn is of maximal rank, hence O(g,G)
is an n dimensional, real analytic submanifold of G. Instead of the Kolmogorov
non-degenerate condition K), we then assume the following Ru¨ssmann condition on
O(g,G):
R1) rank{∂αλK>1 ω(λ) : ∀|α| ≤ n − 1} ≡ n, where λ is a local coordinate on
O(g,G).
It is clear that the Ru¨ssmann condition R1) on O(g,G) holds if N itself satisfies
the Ru¨ssmann condition R) on G.
Our main result states as follows.
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Theorem. Consider (1.1) and let O(g,G) be a fixed n (< d) dimensional resonant
surface. If both the g-non-degenerate condition G1) and the Ru¨ssmann condition
R1) hold on O(g,G), then there is a family of Cantor-like sets Oε(g,G) ⊂ O(g,G)
with |O(g,G) \ Oε(g,G)| → 0 as ε → 0 such that for any ε sufficiently small and
any y ∈ Oε(g,G), all Poincare´ non-degenerate n-tori Ty(ϕ) will persist. Moreover,
for each fixed ε small, the perturbed n-tori form a finite number of Whitney smooth
families on O(g,G).
Combining the above result with that in [10], one concludes that the majority
of Poincare´ non-degenerate tori on a resonant surface will persist either under the
Kolmogorov non-degeneracy K) on G or under the g-non-degeneracy G1) together
with the Ru¨ssmann non-degeneracy R1) on O(g,G). After perturbations, the fre-
quencies of Poincare´ non-degenerate tori in the former are kept unchanged due to
the Kolmogorov non-degeneracy, which is not necessarily true in the later due to
the Ru¨ssmann non-degeneracy.
The above theorem will be proved based on the normal form reduction procedure
introduced in [19] and a linear KAM iterative scheme contained in [11].
Through the paper, we shall use the same symbol | · | to denote the sup-norm of
vectors and its induced matrix norm, the standard l1 norm of a lattice Z
p, absolute
value of functions, and measure of sets etc.. Also, [ · ] will denote both the average
of a function on T n and the integral part of a real number. For any (vector, matrix
valued) function f defined on a domain D, |f |D stands for supD |f |, and, for any
two complex column vectors ξ, ζ of the same dimension, 〈ξ, ζ〉 means the transpose
of ξ times ζ.
The remaining sections are devoted to the proof of the Theorem. In Section 2,
we reduce (1.1) to a normal form on a resonant surface by using the Treshchev
reduction technique ([19]). In Section 3, we describe the linear iterative scheme for
one KAM step with respect to (1.1) and give necessary estimates for the symplectic
transformation and the new Hamiltonian. In Section 4, we state an iteration lemma
which checks the validity of all KAM steps and complete the proof.
2. Normal Form
In the sequel, we let g,G, h,m, n,O(g,G),K0,K1,K2 be as in the introduction.
If there is no Poincare´ non-degenerate n-torus for any y ∈ O(g,G), then there is
nothing to be proved in the Theorem. Otherwise, it follows from the compactness,
connectness of O(g,G), and the implicit function theorem that the Poincare´ non-
degenerate n-tori form a finite number of real analytic families {Ty(ϕj(y)) : y ∈
O(g,G)}, where for each j, ϕj : O(g,G) → Tm is a real analytic function and ϕj(y)
is a non-degenerate critical point of h(·, y) for any y ∈ O(g,G).
We first consider the persistence problem for a fixed family of Poincare´ non-
degenerate n-tori {Ty(ϕ(y)) : y ∈ O(g,G)}, where ϕ = ϕj for some j.
Let Γ11(y),Γ12(y),Γ21(y),Γ22(y) be the n × n, n × m,m × n,m × m blacks of
Γ(y) = K>0
∂2N
∂y2
(y)K0, respectively. In particular, Γ22(y) = K2
> ∂2N
∂y2
(y)K2. For any
y0 ∈ O(g,G), the Hamiltonian (1.1), up to a constant, admits the following Taylor
expansion
H(x, y, ε) = 〈ω(y0), y−y0〉+ 1
2
〈y−y0, ∂
2N
∂y2
(y0)(y−y0)〉+εP (x, y, ε)+O(|y−y0|3).
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Consider the symplectic transformation y − y0 = K0p, q = K>0 (x − x0), where x0
is such that K>2 x0 = ϕ(y0). Then the above Hamiltonian becomes
H(q, p, ε) = 〈ω∗(y0), p′〉+ 1
2
〈p,Γ(y0)p〉+ εP¯ (q, p) +O(ε2) +O(|p|3),(2.1)
where ω∗(y0) = K>1 ω(y0), p
′ and p′′ are the fist n and the last m components of p
respectively, and P¯ (q, p) = P (x0 + (K
>
0 )
−1q, y0 +K0p, 0). We also let q′ and q′′ be
the first n and the last m components of q respectively.
We fix l0 > n, τ > max{n(n− 1)− 1, 0} and let γ = ε
1
48m2(l0+1) . Consider the set
Oˆ of y0 ∈ O(g,G) such that ω∗(y0) is Diophantine of the Diophantine type (γ, τ).
Since the frequency map ω∗ : O(g,G) → R1 satisfies the Ru¨ssmann non-degenerate
condition R1), it follows from [20] that |O(g,G) \ Oˆ| = O(γ 1n−1 ) → 0, as ε→ 0.
For y0 ∈ Oˆ, we separate the first order resonant terms from the perturbation of
(2.1) by considering the symplectic transformation
(p, qmod2pi) −→ (Y,X mod2pi) : p = ∂S(q, Y )
∂q
,X =
∂S(q, Y )
∂Y
,
where S is a generating function defined by
S = 〈Y, q〉+ ε
∑
k∈Zn\{0}
√−1hˆk(q′′, y0)
〈ω∗(y0), k〉 e
√−1〈k,q′〉,
with
hˆk(q
′′, y0) =
∫
Tm
P¯ (q, y0)e
−√−1〈k,q′〉dq′.
Since
p′ = Y ′ +
√−1ε
∑
k∈Zn
kSke
√−1〈k,q′〉, p′′ = Y ′′ +O(
ε
γ
), X = q,
the transformed Hamiltonian, up to a constant, becomes
H(X,Y, ε) = 〈ω∗(y0), Y ′〉+ 1
2
〈Y,Γ(y0)Y 〉+ ε
2
〈X ′′, ∂2ϕh(ϕ(y0), y0)X ′′〉
+ε(O(|X ′′|3) +O( ε
γ
|Y |) +O(ε
2
γ
) +O(|Y |3)),
where X = (X ′, X ′′) ∈ Rn × Rm (mod 2pi), Y = (Y ′, Y ′′) ∈ Rn × Rm. Using the
Whitney extension theorem, the above transformation can be extended to depend
Cl0 smoothly on y0 ∈ O(g,G).
Consider the rescaling Y =
√
εY¯ . Then the rescaled Hamiltonian reads
H(X, Y¯ ) =
H(X,
√
εY¯ )√
ε
= 〈ω∗(y0), Y¯ ′〉+
√
ε
2
(〈Y¯ ,Γ(y0)Y¯ 〉
+ 〈X ′′, ∂2ϕh(ϕ(y0), y0)X ′′〉) +
√
εO(|X ′′|3) +√ε(O(
√
ε
γ
|Y¯ |)
+ O(
ε
γ2
) +
√
εO(|Y¯ |3)).
By passing to a new symplectic transformation
(Y¯ , X mod2pi) → (Yˆ , Xˆ mod2pi)
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using the generating function W (Yˆ , X) = 〈Yˆ , X〉 − 〈Yˆ ,Γ12Γ−122 X ′′〉, we obtain the
Hamiltonian
H(Xˆ, Yˆ ) = 〈ω∗(y0), Yˆ ′〉+
√
ε
2
(〈Yˆ ′, A(y0)Yˆ ′〉+ 〈Yˆ ′′,Γ22(y0)Yˆ ′′〉
+ 〈X ′′, ∂2ϕh(ϕ(y0), y0)X ′′〉) +
√
εO(|Xˆ ′′|3)
+
√
ε(
√
ε
γ
O(|Yˆ |) +O( ε
γ2
) +
√
εO(|Yˆ |3)),
where Yˆ ′, Yˆ ′′, Xˆ ′, Xˆ ′′ are defined similarly as Y ′, Y ′′, X ′, X ′′, respectively, and,
A(y0) = K
>
1
∂2N
∂y2
(y0)K1
−(K>1
∂2N
∂y2
(y0)K2)(K
>
2
∂2N
∂y2
(y0)K2)
−1(K>1
∂2N
∂y2
(y0)K2)
>.(2.2)
Now, treating y0 as the parameter λ ∈ Oˆ and replacing ω∗(y0), y0, Xˆ ′, Yˆ ′,
(Yˆ ′′, Xˆ ′′) by Ω(λ), λ, x, y, z, respectively, we arrive at the Hamiltonian normal
form
(2.3) H = e(λ) + 〈ω(λ), y〉+
√
ε
2
〈
(
y
z
)
,M(λ)
(
y
z
)
〉+√εQ(z, λ) + P (x, y, z, ε, λ),
where (x, y, z) ∈ T n ×Rn ×R2m, λ ∈ Oˆ, Q(z, λ) = O(|z|3),
M(λ) = diag{A(λ),M22(λ)},
M22(λ) = diag{Γ22(λ), ∂2ϕh(ϕ(λ), λ)},
P =
√
ε(
√
ε
γ
O(|(y, z)|) +O( ε
γ2
) +
√
εO(|y|3)),
Q, P are real analytic in (y, z) ∈ D(s) = {(y, z) : |y| < s, |z| < s}, (x, y, z) ∈
D(r, s) = {(x, y, z) : |Imx| < r, |y| < s, |z| < s}, respectively, for some r, s > 0,
Whitney smooth in λ ∈ O(g,G), and e, ω,M are Whitney smooth in λ ∈ O(g,G).
By the g-non-degenerate condition, M22 is clearly non-singular on O(g,G). Due to
the Whitney smoothness, we assume without loss of generality that e,M,Q, P are
Cl0 in λ ∈ O(g,G).
3. KAM Step
We consider KAM iteration to the normal form (2.3) in which all terms are
assumed to be C l0 in λ ∈ O(g,G). To begin with the induction, we initially set
N0 = N , e0 = e, Ω0 = Ω, M
0 = M , M022 = M22, Q0 = Q, P0 = P , O0 = O(g,G),
r0 = r, β0 = s, γ0 = γ = ε
1
48m2(l0+1) , a = 4m2(l0+σ0), µ0 = γ
a
0 ε
1
36 , and s0 = γ0
aε
1
38
for a fixed σ0 ∈ (0, 13 ).
Then it is easy to see that
|∂lλP0|D(r0,s0)×O0 ≤
√
εγa0 s
2
0µ0, |l| ≤ l0.
Suppose that after a νth KAM step, we arrive at a real analytic, parameter-
dependent Hamiltonian
H = Hν = N + P,(3.1)
N = Nν = e+ 〈Ω(λ), y〉+
√
ε
2
〈
(
y
z
)
,M(λ)
(
y
z
)
〉+√εQ(y, z, λ),
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where (x, y, z) ∈ D = Dν = D(r, s), r = rν ≤ r0, s = sν ≤ s0, γ = γν ≤ γ0, λ ∈
O = Oν ⊂ O0, e(λ) = eν(λ),Ω(λ) = Ων(λ) are C l0 smooth on O, M(λ) = Mν(λ)
is real symmetric and C l0 smooth on O whose right lower 2m× 2m block M = M ν
is non-singular on O, Q = Qν(y, z, λ) = O(|(y, z)|3), Q and P = Pν(x, y, z, λ) are
real analytic in (y, z) ∈ D = D(s) = {(y, z) : |y| < s, |z| < s} and in (x, y, z) ∈ D
respectively and C l0 smooth in λ ∈ O, and moreover,
(3.2) |∂lλP |D×O ≤
√
εγas2µ, |l| ≤ l0,
for some µ = µν > 0.
We now construct a symplectic transformation Φ+ = Φν+1, which, in smaller fre-
quency and phase domains, transforms the Hamiltonian (3.1) into a similar form but
with a smaller perturbation term satisfying an inequality similar to (3.2). There-
after, quantities (domains, normal form, perturbation, etc.) in the next KAM cycle
will be simply indexed by + (=ν + 1). All constants ci, i = 1, 2, · · · , 5, below are
positive and independent of the iteration process. For simplicity, we also use c
to denote any intermediate positive constant which is independent of the iteration
process.
Let b, σ, δ be positive constants such that
δ < 1, σ − (b+ σ)(2b+ 3σ) > 0, δ(1 + b+ σ) > 1
and define
r+ = δr + (1− δ)(1− δ
2
2
)r0,
s+ = s
1+b+σ ,
β+ =
β
2
+
β0
4
,
γ+ =
γ
2
+
γ0
4
,
K+ = ([log
1
s
] + 1)3,
D+ = D(β+),
D+ = D(r+, s+),
D˜+ = D(r+ +
5
8
(r − r+), β+),
Di = D(r+ +
i− 1
8
(r − r+), is+), i = 1, 2, 3, 4,
D(η) = D(r+ +
7
8
(r − r+), η),
Γ(η) = e
r0(1−δ)δ
2
16
∑
0<|k|≤K+
|k|χe− η8 ,
where η > 0 and χ = 2(l0 + 1)(4m
2 + 1)τ .
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3.1. Truncation and linear equations. Let R be the truncation of the Taylor-
Fourier series of P up to quadratic order, i.e.,
R =
∑
|k|≤K+,|ı|+||<3
pkıy
ıze
√−1〈k,x〉
=
∑
|k|≤K+
(Pk00 + 〈Pk10, y〉+ 〈Pk01, z〉+ 〈y, Pk20y〉
+〈z, Pk11y〉+ 〈z, Pk02z〉)e
√−1〈k,x〉.
If
s+ ≤ s
16
,
∫ ∞
K+
λne−λ
r−r+
16 dλ ≤ s, (A)
then it follows from a standard argument (e.g., [10]) that there is a constant c1 such
that
(3.3) |∂lλ(P −R)|D8 ≤ c1
√
εγa(s3 +
s3+
s
)µ, |l| ≤ l0.
We first seek for an averaging transformation as the time-1 map φ1F of the Hamil-
tonian flow φtF associated to a Hamiltonian of the form
F =
∑
0<|k|≤K+
(Fk00 + 〈Fk10, y〉+ 〈Fk01, z〉(3.4)
+〈y, Fk20y〉+ 〈z, Fk11y〉+ 〈z, Fk02z〉)e
√−1〈k,x〉,
in which Fkij , 0 ≤ i+j ≤ 2, 0 < |k| ≤ K+, will be solved from the linear homological
equations
L0kFk00 = Pk00,(3.5)
L0kFk10 = Pk10 −
√
εM12JFk01,(3.6)
L1kFk01 = Pk01,(3.7)
L0kFk20 = Pk20 +
√
ε
2
(Fk11JM21 −M12JF>k11),(3.8)
L1kFk11 = Pk11 −
√
ε(F>k02 + Fk02)JM21,(3.9)
L2kFk02 = Pk02,(3.10)
where
L0k =
√−1〈k,Ω〉,
L1k =
√−1〈k,Ω〉I2m −
√
εM22J,
L2k =
√−1〈k,Ω〉I4m2 −
√
ε(M22J)⊗ I2m −
√
εI2m ⊗ (M22J),
M11,M12,M21,M22 are n× n, n× 2m, 2m× n, 2m× 2m blocks of M respectively,
and, ⊗ denotes the standard tensor product of matrices.
Consider the set
O+ = O(K+) = {λ ∈ O : |L0k| > γ|k|τ , |detL1k| >
γ2m
|k|2mτ ,
|detL2k| > γ
4m2
|k|4m2τ , for all 0 < |k| ≤ K+}.
Then, on O+, equations (3.5)-(3.10) can be solved uniquely to obtain solutions
Fkij , depending C
l0 smoothly on λ ∈ O+ and satisfying F¯kij = F−kij , for all
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0 < |k| ≤ K+, 0 ≤ i+ j ≤ 2, which uniquely determine the Hamiltonian F in (3.4).
Moreover, it is easy to see that there is a constant c > 0 such that
|L−1qk |O+ ≤ c
|k|(2m)qτ+(2m)q−1
γ(2m)q
,
for all q = 0, 1, 2, from which it follows that there is a constant c2 > 0 such that
|∂lλF |, |∂lλFx|, s|∂lλFy|, s|∂lλFz| ≤ c2s2µΓ(r − r+), |l| ≤ l0, onD(s)×O+,(3.11)
|∂lλ∂i(x,y,z)F | ≤ c2µΓ(r − r+), |i| ≤ 4, |l| ≤ l0, onD(β)×O+.(3.12)
Let
Qˆ = −√ε√−1
∑
0<|k|≤K+
〈k,M11y +M12z + ∂Q
∂y
〉(Fk00 + 〈Fk10, y〉+ 〈Fk01, z〉
+〈y, Fk20y〉+ 〈z, Fk11y〉+ 〈z, Fk02z〉)e
√−1〈k,x〉
−√ε
∑
0<|k|≤K+
〈∂Q
∂z
, J(Fk01 + Fk11y + Fk02z + F
>
k02z)〉e
√−1〈k,x〉.(3.13)
Then
(3.14) {N,F}+R− [R]− Qˆ = 0.
We note that Qˆ consists of all terms in {N,F} of size O(s3µ) and of order O(yız)
for |ı|+ || ≥ 3.
It follows that
H ◦ ϕ1F = (N +R) ◦ ϕ1F + (P −R) ◦ ϕ1F
= N¯+ + P¯+,
where
N¯+ = N + [R],
P¯+ =
∫ 1
0
{Rt, F} ◦ ϕtF dt+ (P −R) ◦ ϕ1F + Qˆ,
with
Rt = (1− t){N,F}+R = (1− t)(Qˆ+ [R]−R) +R.
If
|∂lλ(M −M0)|O ≤
√
εγa0µ
1
4
0 , |l| ≤ l0 (B)
holds, then by the implicit function theorem, there is a z0 ∈ Cl0(O, R2m) such that
(diag(O,M22(λ)) + ∂
2
(y,z)Q(0, z0, λ))
(
0
z0
)
+ ∂(y,z)Q(0, z0, λ) = −
1√
ε
(
0
P001
)
,
and moreover, there is a positive constant, again denoted by c2, such that
(3.15) |∂lλz0|O+ ≤ c2γasµ, |l| ≤ l0.
This defines a translation
ϕ : x→ x, y → y, z → z + z0
so that Φ+ = ϕ
1
F ◦ ϕ will transform H into the Hamiltonian H+ in the next KAM
cycle, i.e.,
H+ = H ◦ Φ+ = N+ + P+,
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where
N+ = e+ + 〈Ω+(λ), y〉+
√
ε
2
〈
(
y
z
)
,M+
(
y
z
)
〉+√εQ+(y, z, λ),
P+ = P¯+ ◦ ϕ+ 2〈
(
y
z
)
,
(
P020 P011
P>011 P002
) (
0
z0
)
〉
with
e+ = e+ P000 +
√
εQ(0, z0, λ) + 〈P001, z0〉
+
1
2
〈
(
0
z0
)
,
(
P020 P011
P>011 P002
)(
0
z0
)
〉,
Ω+ = Ω + P010,
M+ = M +
2√
ε
(
P020 P011
P>011 P002
)
,
Q+ = Q(y, z + z0, λ)−Q(0, z0, λ)− 〈∂(y,z)Q(0, z0, λ),
(
y
z
)
〉
−1
2
〈
(
y
z
)
, ∂2(y,z)Q(0, z0, λ)
(
y
z
)
〉.
It is clear that there is a constant c3 > 0 such that
|∂lωe+ − ∂lωe|O+ ≤
√
εc3γ
as2µ, |l| ≤ l0,
|∂lωM+ − ∂lωM |O+ ≤
√
εc3γ
aµ, |l| ≤ l0,
|∂lω∂j(y,z)Q+ − ∂lω∂j(y,z)Q|D+×O+ ≤ c3γaµ, |j| ≤ l0, |l| ≤ l0.
By [11], Lemma 3.6, we have that if
3c3µK
8m2τ+8m2
+ < min{
γ − γ+
γ0
,
γ2m − γ2m+
γ2m0
,
γ4m
2 − γ4m2+
γ4m
2
0
}, (C)
then for all 0 < |k| ≤ K+, ω ∈ O+,
(3.16) |L+0k| >
γ+
|k|τ , |detL
+
1k| >
γ2m+
|k|2mτ , |detL
+
2k| >
γ4m
2
+
|k|4m2τ .
3.2. Estimates on the transformation and new perturbation.
Lemma 3.1. If
c2µΓ(r − r+) < r − r+
8
,
c2sµΓ(r − r+) < s+,
c2µΓ(r − r+) + c2µ < β − β+,
(D)
then the following holds.
1) For all 0 ≤ t ≤ 1
ϕtF : D3 → D4,
ϕ : D1 → D3
are well defined, real analytic and depend C l0 smoothly on λ ∈ O+.
2) Φ+ : D+ ×O+ → D × O can be extended to a C l0+1 function Φ+ : D˜+ ×
O+ → D(r, β)×O.
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3) There is a constant c4 such that for all 0 ≤ t ≤ 1, |l| ≤ l0,
|∂ix∂j(y,z)∂lλϕtF |D3×O+ ≤


c4sµΓ(r − r+), |i|+ |j| = 0, |l| ≥ 1,
c4µΓ(r − r+), 2 ≤ |l|+ |i|+ |j| ≤ l0,
c4, otherwise,
|∂p(x,y,z)∂lλ(Φ+ − id)|D˜+×O+ ≤ c3µΓ(r − r+), |p| ≤ l0 − |l|+ 1,
|∂lλϕ|D+×O+ ≤ c3γasµ.
Proof. The proof easily follows from (3.11)-(3.12) and the Whitney extension the-
orem. 
Lemma 3.2. Let ∆ =
γaΓ(r − r+)3
r − r+ (s
2µ2 + s+s
2µ). Then there is a constant
c5 > 0 such that |∂lλP+|D+×O+ ≤ c5
√
ε∆, |l| ≤ l0. Thus, if
c5∆ ≤ γa+s2+µ+, (E)
then |∂lλP+|D+×O+ ≤
√
εγa+s
2
+µ+, |l| ≤ l0.
Proof. The proof follows from (3.2), (3.3), (3.11)-(3.15), and Lemma 3.1. See [10,
11] for details. 
4. Iteration Lemma
Let r0, s0, µ0, γ0,O0, H0, N0, e0,Ω0,M0,M022, Q0, P0 be defined at the beginning
of Section 3 and define D0 = D(β0), D˜0 = D(r0, β0), D0 = D(r0, s0), K0 = 0,
Φ0 = id. For any ν = 0, 1 · · · , we index all index free quantities in Section 3 by
ν and index all “ + ”-indexed quantities in Section 3 by ν + 1. This yields the
following sequences:
rν , sν , µν , Kν , Oν , Dν , Dν , D˜ν , Hν , Nν ,
eν , Ων , M
ν , Mν22, L
ν
0k, L
ν
1k, L
ν
2k, Qν , Pν , Φν
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for ν = 1, 2, · · · . In particular,
Hν = Nν + Pν ,
Nν = eν + 〈Ων , y〉+
√
ε
2
〈
(
y
z
)
,Mν
(
y
z
)
〉+√εQν(y, z, λ),
Mν =
(
Mν11 M
ν
12
(Mν12)
> Mν22
)
,
Lν0k =
√−1〈k,Ων〉,
Lν1k =
√−1〈k,Ων〉I2m −
√
εMν22J,
Lν2k =
√−1〈k,Ων〉I4m2 −
√
ε(Mν22J)⊗ I2m −
√
εI2m ⊗ (Mν22J),
rν = r0(1− 1
2
(1− δ)
ν∑
i=1
√
ε
i+1
),
sν = s
1+b+σ
ν−1 ,
βν = β0(1−
ν∑
i=1
1
2i+1
),
µν = c0s
σ
ν−1µν−1, c0 = max{1, c1, · · · , c5},
γν = γ0(1−
ν∑
i=1
1
2i+1
),
Kν = ([log
1
sν−1
] + 1)3,
Oν = {λ ∈ Oν−1 : |Lν−10k | >
γν−1
|k|τ , |detL
ν−1
1k | >
γ2mν−1
|k|2mτ ,
|detLν−12k | >
γ4m
2
ν−1
|k|4m2τ , 0 < |k| ≤ Kν−1},
Dν = D(βν),
Dν = D(rν , sν),
D˜ν = D(rν +
5
8
(rν−1 − rν), βν).
Lemma 4.1. (Iteration Lemma) For sufficiently small µ0 = µ0(r0, β0, l0), the
KAM steps described in Section 3 are valid for all ν = 0, 1, · · · , and the following
holds for all ν = 1, 2, · · · .
1) eν = eν(λ), Ων = Ων(λ) are C
l0 smooth on Oν , Mν = Mν(λ) is real
symmetric, C l0 smooth on Oν with the 2m×2m lower right block M ν22 being
non-singular on Oν , Qν = Qν(y, z, λ) = O(|(y, z)|3) and Pν = Pν(x, y, z, λ)
are real analytic in (y, z) ∈ Dν and in (x, y, z) ∈ D˜ν respectively and C l0
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smooth in λ ∈ Oν . Moreover, for all |l| ≤ l0,
|∂lλeν − ∂lλeν−1|Oν ≤
γ
2(1+σ0)a+a
0 µ
1
4
0
2ν
,
|∂lλeν − ∂lλe0|Oν ≤ γ2(1+σ0)a+a0 µ
1
4
0 ,
|∂lλΩν − ∂lλΩν−1|Oν ≤
γ
(1+σ0)a+a
0 µ
1
4
0
2ν
,
|∂lλ(Ων − id)|Oν ≤ γ(1+σ0)a+a0 µ
1
4
0 ,
|∂lλMν − ∂lλMν−1|Oν ≤
γa0µ
1
4
0
2ν
,
|∂lλMν − ∂lλM0|Oν ≤ γa0µ
1
4
0 ,
|∂lλ∂j(y,z)(Qν −Qν−1)|Dν×Oν ≤
γa0µ
1
4
0
2ν
, |j| ≤ l0,
|∂lλ(Qν −Q0)|Dν×Oν ≤ γa0µ
1
4
0 , |j| ≤ l0,
|∂lλPν |Dν×Oν ≤
√
εγaν s
2
νµν .
2)
Oν = {ω ∈ Oν−1 : |Lν−10k | >
γν−1
|k|τ , |detL
ν−1
1k | >
γ2mν−1
|k|2mτ ,
|detLν−12k | >
γ4m
2
ν−1
|k|4m2τ , for all Kν−1 < |k| ≤ Kν}.
3) Φν : Dν × Oν → Dν−1, D˜ν × Oν → D˜ν−1 is symplectic for each λ ∈ Oν ,
real analytic in (x, y, z) ∈ D˜ν and Cl0+1 smooth in λ ∈ Oν , and,
Hν = Hν−1 ◦ Φν = Nν + Pν .
Moreover,
(4.1) |∂lλ∂p(x,y,z)(Φν − id)|D˜ν×Oν ≤
µ
1
4
2ν
, |p|+ |l| ≤ l0 + 1.
Proof. Similar to [10, 11], one can verify the conditions (A)-(E) inductively. Hence
the KAM step described in Section 3 is valid for all ν.
The estimates in 1) follow from the definition of eν ,Ων ,M
ν , Qν , Pν and
Lemma 3.2, 2) follows from the induction and (3.16), and 3) follows from Lemma 3.1
(see [10, 11] for details). 
5. Proof of Theorem
We first consider (2.3). Let
Ψν = Φ0 ◦Φ1 ◦ · · · ◦ Φν : D˜ν ×Oν → D˜0,
H0 ◦Ψν = Hν = Nν + Pν ,
Nν = eν + 〈Ων , y〉+
√
ε
2
〈
(
y
z
)
,Mν
(
y
z
)
〉+√εQν ,
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ν = 0, 1, · · · , and,
O∞ =
∞⋂
ν=0
Oν .
Using the Whitney extension theorem, the frequencies Ων can be extended C
n
smoothly on O0 = O(g,G) and the extended frequencies also satisfy the corre-
sponding estimates in Lemma 4.1 1). It follows that Ων satisfies the Ru¨ssmann
condition R) on O0 as ε sufficiently small, and therefore from the measure estimate
in [20] (see also [5, 9]) that |O(g,G) \ O∞| → 0 as ε→ 0. Hence if O∗ = O∞ ∩ Oˆ,
then |O(g,G) \O∗| → 0 as ε→ 0.
By Lemma 4.1, we obtain the uniform convergence of Ψν on D(
r0
2 ,
β0
2 ) × O∗,
say, to Ψ∞, which is uniformly close to the identity, real analytic in (x, y, z) and
Cn Whitney smooth in λ. Also, on D(β02 ) × O∗, Qν is uniformly convergent to a
function Q∞ = O((|y|+ |z|)3) which is Cl0 in (y, z) and C l0 Whitney smooth in λ.
It follows that, on D( r02 ,
β0
2 )×O∗, Nν converge uniformly to a function
N∞ = e∞(λ) + 〈Ω∞, y〉+
√
ε
2
〈
(
y
z
)
,M∞(λ)
(
y
z
)
〉+√εQ∞
which is real analytic in (y, z) and C l0 Whitney smooth in λ. Hence
Pν = H0 ◦Ψν −Nν
can be extended to D( r02 ,
β0
2 )×O∗ and converge uniformly to the function
P∞ = H0 ◦Ψ∞ −N∞
which is real analytic in (x, y, z) and Cn Whitney smooth in λ.
For any ν ∈ Z+, λ ∈ Λ, j ∈ Zn+, k ∈ Z2m+ with |j|+ |k| ≤ 2, by applying the last
inequality in Lemma 4.1 1) and Cauchy’s estimate on D(rν ,
1
2sν), we have that
|∂jy∂kzPν | ≤ 2j+2γaνµν .
Hence
∂jy∂
k
zP∞|(y,z)=0 = 0
for all x ∈ Tn, λ ∈ Λ, j ∈ Zn+, k ∈ Z2m+ with |j|+|k| ≤ 2. Thus, for each λ ∈ O∗, the
system (2.3) admits an analytic, quasi-periodic, invariant torus with the Diophan-
tine toral frequency Ω∞(λ), which is slightly deformed from the unperturbed torus
corresponding to Ω0(λ). Moreover, these perturbed tori form a C
l0 Whitney smooth
family. Tracing back to the normal form, we then obtain a Whitney smooth family
of invariant, analytic, quasi-periodic n-tori {Ty,ε(ϕj(y)) : y ∈ O∗} corresponding to
the family of Poincare´ non-degenerate, unperturbed n-tori {Ty(ϕj(y)) : y ∈ O∗} on
O(g,G).
Denote Oj∗ = O∗. Since by the compactness and connectness of O(g,G) there
is only a finite number of such real analytic families of Poincare´ non-degenerate,
unperturbed n-tori {Ty(ϕj(y)) : y ∈ O(g,G)} overO(g,G), the proof of the theorem
is now complete by taking Oε(g,G) as the intersection of all the O
j
∗’s.
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